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This paper considers the problem o f  designing a 1 : r m -  controllc- *x sys- 
tem subject to inequality variance constraints. P. quadratic penalty function 
z,,pmach is used to yield a l i w a r  controller. Both the weights i n  the quadratic 
penalty function and the locations of sensors .and actuators are selected by 
successive approximations to obtain an ootimal design which satisfies the input /  
mtput variance constraints. The method is applied to  l!&A's 64 mter Hoop- 
Column Space Antenna for satel l i te  comunications. In addition the solution for 
tbe control law, the min feature of these results is the systemtic deternin- 
ation of actuator design requirements which a l l w  the given input /output  perfor- 
Fance constraints to be satisfied. 
I. INRODUCTIOY 
Consider the task of controlling the linear, stochastic systc: 
W = diag I... W i i ...], V = diag I... Vi i .... 1, 
such t h a t  these four control desian goals are net: 
e. 2 L A ( I )  E$i2(t) = lir E yi (t)  - < ai , i = 1, ..., k 
t- 
- 2 2 A -  2 E u. (t) = lir E ut (t)  5 pi , i = 1, ..., n 
t- 0 1  
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(11) ~ n t y  ‘i < sensors are used 
fm the acbnissibte set of sensors described f k m  (IC) 
. (111) ~ n t y  rr! m actuators a r ~  used 
- m 
(3)  
(4 )  
.. 
b ( i  + w) = 1 bi(ui + w.) 1 
i = l  
frm the admissibte 8et of n actuators described fra ( l a )  
R 
B(u + W) = 1 bi(ui + w.) 1 
i = l  
( IV) *e contmt ii( t) i s  a tinear ptuzction of  the p s e n t  and 
past measurements F(T), T - < t. 
Hany engineering control design problems can be stated with performance 
constraints of the form (I). For example, large space telescopes are feasible 
only i f  the IUS pointing errors ( ~ j ~ ~ ) ~ ’ ~  are wi th in  certain bounds 
( E J ~ ~ ) ~ ’ ~  5 ai) so as t o  achieve di f f ract ion- l imi ted performance (ui) o f  the 
optics. The designer may also have the freedom t o  choose from a number o f  
d i f ferent  types o f  sensors and actuators a t  a number o f  d i f fe ren t  locations. The 
locations and the types o f  actuators (sensors) determine the vectors bi (mi) i n  
(4) and ( IC).  
P. straight-forward approach t o  acconrodate the bounded input/output problem 
(I) yields nonl inear control lers 1-21, v io lat ing goal (IV). A straight-forward 
approach t o  accarmodate gcals ( I V  and (I) i s  t o  use a penalty function method 
[3-53, minimizing 
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r h i l e  adjusting Q and R u n t i l  ( I )  i s  satisfied. These successive approximation 
schemes [3-51 presume a f i x e d  measurement/control structure, and hence do not 
sat is fy  goals (XI) and (III). It i s  important t o  un i fy  the treatment o f  a l l  
four goals ( I - I V )  since i t  has been shown [6-73 they are inherently interdepen- 
dent problem. I n  particular, f o r  the isotated problems; [6] has shown the 
optimal sensor and actuator selection f o r  LQG problems (5) with fhed (Q,R), and 
[3-5] have adjusted Q and 9 t o  sa t i s f y  the constrained-variance problem ( I )  with 
fixed sensors and actuators (i.e. f ixed B, A). 
Unfortunately, the optimal answer for the -sinul taneous solut ion o f  both 
groblems turns out not t o  be the juxtaposit ion of results [6] and [3-51, due t o  
the interdependence o f  the two problems. 
problem (I-IV) , rhich we c a l l  the Constrained Variance Sensor/Actuator Selection 
(CVSAS) problem. Section11 describes the approach. Section I11 gives the formu- 
las f o r  sensor and actuator effectiveness t o  deal with goals (11) and (111). 
Section I V  presents the numerical algorithm f o r  i te ra t i ve ly  dealing with goal (I). 
Section V gives the algorithm f o r  solving the ent i re  problem (1-IV). Section V I  
i l l us t ra tes  ths application t o  the Hoop-Column Antenna. 
The purpose of t h i s  paper i s  t o  present a un i f ied treatment o f  the ent i re  
11. APPROACH 
The solution o f  the ?roblem with inequali ty constraints ( I )  i s  generally 
not unique. To be a b i t  m r e  speci f ic  than statement (I)  we define two variations 
o f  the problem. The f i r s t  i s  cal led the "Constrained-Input Variance" option o f  
the CVSAS. I n  th is  option the input constraints i n  (I) are binding and the 
output constraints i n  ( I )  are : SZGed. 
CIVSAS: The Constrained-Input Vartance, Sensor/Actuator Selection Problem 
Satisfy (XI), (XII ) ,  and with aZZ input-constraints binding, 
T minimize (recat2 yi = ci XI, 
If however, there i s  no i for  which ai *EJi2 > 1 then minimize 
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with aZZ input constmints binding ( 6 ) .  
Definit ion: 
wilt mean the m i n h  constraint violation i n  the s m e  of the minimum value of 
V i n  (7) with input constmints binding (6). 
The CIVSAS problem i s  useful when one wishes t o  determine the best perfor- 
rance achievable f o r  a given power l i m i t a t i o n  on the input devices (actuators). 
That is,  f o r  a given set  of pi the CIVSAS finds the minimum achievable output 
performance. 
!l'he p h w e  %tinhat achievabte output perfomwncetr for  the CIVSAS 
Y 
The second var ia t ion o f  the CVSAS problem i s  cal led the Constrained Output 
variance Sensor/Act!ator Selection (COVSAS). . 
COVSAS: The Constrained-Output Variance, Sensor/Actuator Selection Problem 
S a t i s f y  ( I  I), ( I 1  I ), and with a l l  output constnainte binding 
i = 1, ..., k , -2 2 u E l i  = 1 , (8) i 
minimize 
If however, there is no i for which pi-2Ewui2 > 1 then minimiae 
- m 
i=l 
Vu = 1 pi-*E m i  u 
with a l l  output c m t r a i n t s  binding, (8). 
Def in i t ion 2: The phrase %tinimwn achievable input performance" for the COVSAS 
wiZZ mean the  minimum constraint hota t ion  i n  the sense of (9) ,  with a l l  output 
constraints binding (8). 
The COVSAS i s  useful when one wishes t o  determine the necessary capabi l i t ies  
(design requirements) o f  the actuators i n  order t o  achieve the specified output 
performance. That i s ,  f o r  a given set of ui the COVSAS finds the minimum 
achievable input performance. 
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I I I. SENSOR/ACTUATOR EFFECTIVENESS 
I n  t h i s  Section we tem o r a r i l y  assume tha t  Q and R i n  (5) are specified 
diagonal matrices Q = diag p... qi ...I, R = diag [... ri ....I, and we wish t o  
determine a ranking of the effectiveness o f  the admissible set  o f  sensors and 
actuators f o r  the LQG problem described by (1) and (5). To help wi th t h i s  task 
a p r i ce  o r  "cost" i s  assigned t o  each input and output by decomposing the t o t a l  
system cost function (5) i n t o  contr ibutions from each i n  t and output. This 
task i s  ca l led '' input o r  output cost analysis" and from I? 61 we have the resul ts  
m k 11 
i = l  i = l  ' i-1 i = l  
w v  th where viu, viY, vi , vi i s  the contr ibut ion i n  v of, respectively, the i 
control ui, output yi, noise wi, o r  noise vi, and 
where P, K, i and L s a t i s f y  
(12a) T -1 
.A T -1 o = PAT t AP - PR v r v  t B C ~ B ~ ,  [fl, .;., f , ~  = F = PF v 
T 1 T  T 
(12b) o = KA t A K - KBR- B K t c QC, [g, ..., g,] = G~ = -KBR-~ 
The effectiveness o f  t h e  ith sensor i s  measured by 
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and the effectiveness o f  the ith actuator i s  measured by 
act = * U  vi - vi W 
vi 
These terms Vi 
output costs Viu, Viw, Viv which are involved i n  the performance o f  each sensor 
and actuator. 
calculated by Viw, but the effect o f  an actuator involves both Viu and Viw since 
the actuator i s  noisy, and t h i s  dependence i s  accounted f o r  i n  (14)). To see 
tha t '  V. and ViaCt gives the appropriate measure o f  the e f f e c t  o f  deleting 
the iti sensor o r  the ith sensor o r  the ith sensor or the ith actuator, re fe r  
t o  the numerical work i n  [7]. 
and ViaCt represent the pa r t i cu la r  combinations o f  the input/ 
(The d i s t i n c t i o n  here i s  t ha t  the e f f e c t  o f  the input wi can be 
Two resul ts  from [6! add ins igh t  i n t o  the use o f  (13), (14). 
Theorem 1, [6,7]: 
For a specified !Q,R) ,  the optimal value of the LQG; p e r f o m c e  metric ( 5 )  
cannot be reduced by the deletion of any of the admissibte s m o r s  Zi, ...) E. 
Theorem 2, [6,7]: 
For a specified (0 ,R)  the optimal value of the LQG p s r f o m c e  metric ( 5 )  - can possib2y be reduced by the deletion of sane of the admissibZe actuators 
ui, i = 1, ..., n?. 
These theorems p a r t i a l l y  explain why the sensor effectiveness Vi i s  a 
t h  much simpler calculat ion than ViaCt. Since the magnitude o f  the gain on the i 
-2 -t o as vii + -, an extremely noisy sensor sensor signal 1 Ifi 1 l 2  = 1 Imil lpp vii 
simply w i l l  not affect the optimal LQG control ler .  Hence, the effectiveness o f  
the ith sensor can be calculated by the input cost VIv. Section V w i l l  show how 
t o  use (13) and (14) i n  the solut ion o f  the COVSAS problem. 
2 
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I V .  THE COVLQG ALGORITHM 
Now we c i t e  an a lgor i thm (COVLQG) t o  solve the COVSAS problem under the  
temporary assumption t h a t  
actuators are used (8 = B and 19 = b!). The COVLQG algor i thm w i l l  f i r s t  be stated 
and then i t s  theore t ica l  proper t ies w i l l  be discussed. 
= a and fi = m. That i s ,  a l l  admissible sensors and 
- The COVLQG algor i thm (i.e. the COVSAS w i th  a = a, 6 = ml: 
Step A: Compute P from (12a). I f  ai-21 1ci I 1; > 1 STOP. NO sotution t o  
the COVLQG problem d s t s .  Otherwise i n i t i a l i z e  
-2 -2 qi(o) = ai , ri(o) = vi . 
Discussion of Step A: The lower bound on Eji '2 i n  an LQG problem i s  
E j i 2 . ?  I lei! 1, (from the wel l  known lower bound tr CPC on V i n  (5) ) ,  and t h i s  
r e s u l t  i s  indebendent o f  the choice o f  C - > 0, R > 0. 
2 T 
Step 0: Compute 
-l YiY Y i: qi > 0 2 E y .  = Qi - 1  
-1 u 
~ - u ~ ~  = ri 'i 
-2 2 
Using ( 1 1 ) s  (12). I f  E g i  = 1 U i: q i  > O and if 
-2 E u .* > 1 V i = 1 , . . m, STOP. 
I n  the  COVLQG opt ion a l l  necessary contro l  e f f o r t  i s  
!The COVLQG solution has been found. "i - 1  - 
Discussion of Step B: 
applied t o  force the const ra in ts  E d i  
the stopping c r i t e r i o n  o f  Step B ind icates a so lu t ion  o f  the COVLQG problem i s  
given by Theorem 5 of [7]. 
t o  be binding. A f o m l  proof t h a t  2 5 ai 
Step C: Q and R update equations: Let the i t e ra t ion  index be j unri s e t  
-2 
< qi(j+l) < cui , q i ( j+ l )  = cui -2 ~ j ~ ~ ~ q ~ ( j ~  i = I, ..., k. If (fai 2)-1 
( E  < 3 smaZZ specified comt;ant) then s o t  qi(j+l) = 0 .  
-2 E j i 2  = 1 U ii qi > 0, then s e t  ri(j+l) = [ i i 2 E  m i  ~ ~ ] " ~ r ~ ( j ) ,  U i:
ui E-ui < 1. For a22 other 1, s a t  ri(J+l) = ri(j). Retwn t o  Step B. 
If 
ai -2 2 
Discussion o f  Step C: The ri(j+l) of Step C are c l e a r l y  adjusted toward the 
stopping condi t ion o f  Step B (pi 
€-ut2 t o  increase. The j u s t i f i c a t i o n  f o r  se t t i ng  qi = 0 when e i ther  qi(j+l) -+ 0 
-2 €=ui2 - > l), since a reduction i n  ri causes 
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or when q i ( j + l )  + m i s  as follows: The tendency of qi toward zero indicates a 
lack of output controllability due t o  a degenerate rank of C (rank C k) .  In 
this case, the algorithn ceases t o  attempt the impossible (i.e. t o  force two 
dependent outputs t o  arbitrary values) by removing this particular yi (the least 
critical one as indicated by the smallest qi + 0) frm the cost function by 
setting i t s  coefficient qi  = 0. Now l e t  rank C k. The tendency of qi  toward 
m can result only when a stabflitable, detectable system i s  not output  controll- 
able, (even though C = k )  and an uncontrollable o u t p u t  converges ta  a value which 
violates i t s  constraint i oi2 ) .  The constraint is violated the smallest 
alnount possible since t n  this case the corresponding qi -t m on successive 
iterations o f  the update equations. When this condition is determined, such 
y i ' s  are removed from the cost function on futu-re iterations (by setting qi = 0) 
since i t  now has been established t h a t  they cmmt be brought w i t h i n  specifica- 
2 
t i o n . E j i 2  - < 0 i '  
A sipilar algorithm exists for  the Constrained Inpu t  Variance LQG problem 
(CIVLQG) and details are given i n  [7]. 
V .  THE COVSAS ALGORITHK 
The sensor/actuator effectiveness formulas (13), (14) derived i n  Section 111 
and the COVLQG alsorithm~ of Section IV are now integrated t o  solve the COVSAS 
problem posed i n  Section 11. 
COVSAS A1 qori thm: 
Step 1. Specify CA,B,C,!.I,V,~,~,U ,u I .  Run COVLQG algorithm using k 2 2  
actuators, m sensors. 
Step 2. Compute Vi , Vi act from (13), (14) rmd rank sensors and 
actuators according t o  their effectiveness: 
. s e ~ s  ... le sens , VIsens L "2 - 
act , act ... 2 Vm "1 L vp - a c t  
Delete the Remor and actuator w i th  the l m e s t  effectivensss values 
Visens, Viact, provided such d e t e t i m  does not came loss of 
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controZlabiZity or observabi1ity.j Unless R c 
lntess m < 6 + 1, reset m t o  m-1. 
+ 1, reset 1-0 E-1. 
€ g i  = 1 V i = 1, ..., k -2 2 If ai 
II 
< 2 1 "  -2 2 v i  E-ui I (  j t 1 ) i t e r a t i o n  and Y i: vio2 E u. > 1, i f  [T 1 i = l  - 1  
return to Step 1. Otherwise STOP. A 1 "  -2  2 [e 1=1 .I p i  E-ui j ( j t 1 ) i t e r a t i o n  
soZution t o  the COVSAS has been found. 
Piscussion of Step 2: HunericaI experience wi;h t h i s  a lgor i thm suggests t h a t  
more than one sensor and m r e  than one actuator may be deleted on each i t e r a t i o n .  
I n  fact ,  t d r  many cases the same r e s b l t  can be obtained by reducing E t o  'i and 
m t o  1 on the f i r s t  i t e r a t i o n .  However, t h i s  quicker convergence can sornetimes 
converge only  t o  suboptimal answers, and the a lgor i thm above i s  w r i t t e n  i n  i t s  
most conservative form (delet ing on ly  one sensor and/or actuator per i t e r a t i o n )  
where convergence t o  optimal values i s  more r e l i a b l e  [7). 
V I .  CONTROL OF A SPACE ANTENNA 
Fig. 1 depicts the  Hoop-Column Antenna arrangwient f o r  a proposed NASA 
comnunications s a t e l l i t e .  Stat ioned i n  a geosynchronous o r b i t ,  the ob jec t ive  o f  
the antenna control system i s  t o  regulate the o r ien ta t i on  and focus o f  t he  
s a t e l l i t e  antenna r e l a t i v e  t o  i t s  m u i t i p l e  feed horns ( a t  node 10). Table 1 
1 i s t s  the 24 1 inear and angular displ{:,ements which make up the  outputs yi , 
i = 1, ..., k, where k = 24. Table 2 l i s t s  the 39 admissible sensors and Table 
3 l i s t s  the 12 admissible actuators. Note tha t  ARX2 stands f o r  angular r a t e  
about the x ax is  a t  node 2. AX2 stands for atigular displacement about ax is  x a t  
node 2. 110-22 stands fo r  a r e c t i l i n e a r  displacement between nodes 10 and 2 i n  
the z d i rec t ion ,  The speci f icat ions f o r  the  outputs are ui = 22.8 are seconds 
f o r  i = 1, ..., 6, and ai = .158 mn f o r  i = 7, ..., 24. The specif icat ions f o r  
the inputs ui are pi = 10 dn-em, i = 1, ..., 12. The actuator noise i s  described 
by rJ = diag [ . . Wi . . .], Wi = .l (dy-cm) , Y i = 1, . . . 12. The sensor noise 
i s  V = diag [... Vi ...I, Vi., = 7 . 6 1 5 ~ 1 0 ~ ~  rad2, i = 1,2,3,13,14,15, Vi = 
2 . 5 m 7  m2, i = 4, ..., I?, 16, ..., 27, Vli = 4 . 7 6 x N 5  (rad/sec) , i = 28, 
, , . , 39. 
o f  sensors t o  12 = 1. The dynarics o f  the antenna s t ruc tu re  were described by 
10 e l a s t i c  modes and 3 r i g i d  body modes. The square o f  the frequencies 
2 
2 
I t  i s  des', ,sed t o  1 hit the number o f  actuators t o  6 -- 6 and the  number 
+Observabil i ty ,  c o n t r o l l a b i l i t y  checks are p a r t i c u l a r l y  simple f o r  f l e x i b l e  
space s t ructures using the tes ts  i n  [8]. That i s ,  rank tes ts  o f  matrices 
[B; AB, ... An%], [C T , A T T  C , ... ATn-'CT] can be amided .  
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w , i = 1, ..., 10 o f  the e l a s t i c  nodes are i 
9 2 2  “) = (.40579, 7.2090, 7.2362, 13.27/, 9 0  (wl , W2 9 * e * ,  
44.834, 132.14, 147.66, 445.01, 448.69, 775.86;) (raJ/sec) 2 . 
Pore complete in format ion f o r  the antenna model pay be found i n  [7]. 
The r e s u l t s  of the COVSRS algor i thm appl ied t o  the Hoop-Column Antenna are 
m m r i z e d  i n  Table 4. The 6 actuators deleted from the  admissible s e t  o f  
Table 3 are ( l i s t e d  i n  order o f  de le t ion) :  y12, u9, u6, ul0, u7, u4. The 27 
sensors deleted ( i n  order of i e l e t i o n )  are: z15, z3, 26, tI2, z, zI3, z2, zl, 
224s 227, 249 25, 218, 221s 2309 2399 2339 27, 28, 231, 223, ‘209 2359 225, 222, 
‘1.6’ . 
cont ro l  e f f o r t  i s  less using on ly  6 actuators, (6x5.C21 = 30.12) than using 12 
actuators (12~3.275 = 39.30 
fewer actuatcrs,  s ince fo r  several actuators the  noise effec; Vib i s  greater  
than the signal  e f fec t  Viu i n  (14) (note th; negat’ve valhes o f  Viact i n  Table 
Not ice t h a t  even though the output  const ra in ts  a re  s t i l l  b inding the  t o t a l  
Thus, betber perfo-mance i s  poss ib le  w i t h  30.12). 
4) 
Perhaps the lpost important in format ion from t h e  Cn‘:”4S i s  the detemina+ f -  
o f  the minimum achievable a c t u a t w  spec i f i ca t i on  ?ram Table 5 b a t  a l l  
o f  the 24 outputs are he ld  w i t h i n  t h e i r  design consctdiriLd (cI = 22.8 are secs. 
f o r  angles and ui = .158 mn f o r  r e c t i l i n e a r  displacements) hy ac t i9 to rs  which 
must be d e s i g n L 1  f o r  the c a p a b i l i t i e s  o f  TABLE 5. That i s ,  the gi.den nutput  
spec i f icat ions,  ai are Vossible t o  meet i f  ui i s  changed I=> actuators are 
redesigned) (from Table 5) t o  u1 = 73, p2 = 26, p3 = 105, u4 = 26, p5 = 32, 
p6 = 39. 
VII. CONCLUSI~r!S 
Presented i s  an a lgor i thm COVSAS which in tegrates the fo l low ing  tasks: 
Selects sensors and actuators from an admissible set .  
Designs a l i n e a r  feedback c o n t r o l l e r  which s a t i s f i e s  output variance 
cons t r a i  n ts  . 
Determines a3tuator d e s i g n  requirements  which a1 low the output variance 
const ra in ts  t o  be sa t i s f i ed .  
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Numerical yoper t i es  o f  the convergence o f  t h i s  algori thm are given for NASA's 
Hoop-Column Antenna. Additional theoret ical  properties o f  convergence of t h i s  
algorithm are given i n  [7]. 
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Figure 1: Hoop Column Antenna 
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Table 2: Hoop-Cclumn Sensor Labels 
Sensor Sensor 
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Table 3: Hoop Column Actuator Description 
Actuator torque a k t  
axis a t  
M e  location 
= T X 2  
= T Y 2  
= T Z 2  





US = T Y 6  
= T Z 6  
= T X 9  
= T Y 9  '8 
u = T Z 9  9 
'6 
u7 
UIO = T 1! 10 
ull = T Y 10 
u12 = T Z 10 
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Table 4: Hoop Column Output Constrained COVSAS Results 
Ident i f ied  Ave Input 
I t e ra t i on  Ident i f ied  Actuators Value Number of 
knber (7.6) Sensors /Actua tors  sensors @e") (Vy) 
1 A Z l O i  .OW41 16) TZ10( -1.362) 3.2?5 39/12 
AZ2( .000297) lZ9 ( -1.369) 
Z6-Z2( 0) 
Z9-Z2( @} 
z10-22 ( 0 )  
2 kY 1 ( .063362) lZ6(-2.1605) 3.592 34/ 10 
AxIO( .003358) 








4 ARZZ ( .02844 TX3(-1.2917) 3.997 24/8 
ARZlO ( .02232) 
ARZ6(. 02238) 
5 X9-X2 ( .0986) TX6(-1.4793) 4.377 21/7 
6 ARX6(. 07648) ---- <, .829 19/6 
Y9-Y2( .0839) 
ARX2( .07648) 
7 Y 107-Y lo(.  13395) ---- 4.857 17/6 
8 X119-X10(. 1557) ---- 4.905 1516 
XRY9 ( .1098) 
X113-X10(. 1555) 
X:Ol-XIO(. 1551) 





















20( Y 113-Y 10) 
21( 2113-210) 
22 (X119-X 10) 
23 ( Y  119-Y 10) 
24 ( Z 1 19 -Z 10) 





























Actuator # (minimm achievable) 
1 TX2 72.91 dn-cm 
2 TY2 26.145 dn-cm 
3 TZ2 105.47 dn-m 
4 TY6 26.138 dn-cm 
5 TY9 31.750 dn-cm 
6 TYlO 38.812 dn-an 
36 
